The cusped hyperbolic orbifolds of minimal volume in dimensions less than ten  by Hild, Thierry
Journal of Algebra 313 (2007) 208–222
www.elsevier.com/locate/jalgebra
The cusped hyperbolic orbifolds of minimal volume
in dimensions less than ten
Thierry Hild 1
Deptartment of Mathematics, University of Fribourg, Pérolles, Chemin du Musée 23, Fribourg 1700, Switzerland
Received 21 November 2006
Available online 24 January 2007
Communicated by Victor Kac, Ruth Kellerhals, Friedrich Knop, Peter Littelmann and Dmitri Panyushev
To Ernest Borisovich Vinberg on the occasion of his seventieth birthday
Abstract
We detect the cusped complete hyperbolic orbifolds of minimal volume in dimensions less than ten. Our
method is geometric and uses results from crystallography and the theory of sphere packings. In fact, such
an n-orbifold gives rise to a horoball packing whose orthogonal projection to the cusp boundary yields the
densest euclidean lattice packing in dimension n− 1.
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1. The result
Let Hn denote hyperbolic n-space and I (Hn) the set of hyperbolic isometries. The leading
actors in this work are cusped complete hyperbolic n-orbifolds Qn of finite volume, that is,
quotients of Hn by discrete subgroups Γ < I (Hn) of finite covolume containing at least one
parabolic isometry. By a result of D.A. Kazhdan and G.A. Margulis [KM], the spectrum of
all these volumes voln(Qn) has a minimal element μn > 0 for each n  2. A natural problem
is the construction of a cusped orbifold Qn∗ such that voln(Qn∗) = μn. First results are due to
C.L. Siegel [Sie] in dimension 2, R. Meyerhoff [Mey] in dimension 3 as well as T. Hild and
E-mail address: thierry.hild@unifr.ch.
1 Partially supported by Schweizerischer Nationalfond No. 200020-105010/1.0021-8693/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2006.12.024
T. Hild / Journal of Algebra 313 (2007) 208–222 209Table 1
Dim n Γ n μn
2 π6 ≈ 5.23 · 10−1
3 18 JI(
π
3 ) ≈ 4.23 · 10−2
4 π
2
1,440 ≈ 6.85 · 10−3
5 7ζ(3)46,080 ≈ 1.83 · 10−4
6 π
3
777,600 ≈ 3.98 · 10−5
7 Z2-extension of
√
3 L(4,3)
1,720,320 ≈ 9.46 · 10−7
8 π
4
4,572,288,000 ≈ 2.13 · 10−8
9 ζ(5)22,295,347,200 ≈ 4.65 · 10−11
R. Kellerhals [HK] in dimension 4 (cf. first part of Table 1). In this paper, we complete this list
up to dimension 9.
Main Theorem. For 5 n 9, let Qn∗ = Hn/Γ n be a cusped orbifold of minimal volume μn.
Then, up to isomorphism, Γ n is related to a hyperbolic Coxeter group according to Table 1 and
as such uniquely determined.
The Riemann zeta function ζ , the Lobachevsky function JI and the Dirichlet L-function ap-
pearing in the expressions of μn are closely related to the classical polylogarithm
Lin(z) =
∞∑
r=1
zr
rn
, z ∈ C, n 1.
More specifically, one has
ζ(n) = Lin(1) =
∞∑
r=1
1
rn
,
JI(α) = 1
2
Im
(
Li2
(
e2iα
))= 1
2
∞∑
r=1
sin(2rα)
r2
,
and
L(n,d) =
∞∑
r=1
(
r
d
)
1
rn
,
where ( r
d
) is the Legendre symbol. For more details about the computation of μn, we refer to
[JKRT].
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space X of constant curvature κ ∈ {0,±1} (cf. [Vin, part II, Chapter 5]). We call it parabolic,
spherical or hyperbolic depending on κ being 0, 1 or −1. Coxeter groups are most conveniently
described by Coxeter graphs. A node i represents the generating reflection si ∈ ΓC or its mirror
hyperplane Hi , and two nodes i and j are joined by a branch marked 2 kij ∞ if
(sisj )
kij = 1.
For simplicity reasons, we omit the branches marked 2 and leave a branch unmarked if kij = 3.
A fundamental polytope or Coxeter polytope PC of ΓC is a convex component of X bounded
by the family of mirrors Hi all of whose dihedral angles are of the form  (Hi,Hj ) = πkij . Obvi-
ously, the Coxeter graph is also useful for the description of the polytope PC (cf. [Vin, part II,
Chapter 5, §1]). Let PC be a hyperbolic Coxeter n-simplex. Removing from its graph a node i
and the incident branches provides the graph of the vertex figure P ′C associated to the vertex vi
opposite to Hi . Geometrically, P ′C arises as the intersection of PC with a sphere centered at vi
of sufficiently small radius and of normalised curvature. The vertex figure P ′C is again a Coxeter
simplex, spherical if vi is an ordinary vertex in Hn, or parabolic if vi belongs to ∂Hn. The clas-
sification problem for hyperbolic Coxeter simplices is completely resolved. Indeed, in the finite
volume case, they only exist in dimensions n 9 (cf. [Vin, part II, Tables 3 and 4] and [JKRT]
for their volumes).
By looking at Table 1, all but one of the groups Γ n are Coxeter groups with simplex funda-
mental domain. The exception Γ 7 is obtained from the Coxeter group ΓC with graph labelled
according to
by exploiting its graph symmetry. That is, we adjoin to ΓC a specific hyperbolic involution which
permutes the vertices v1 and v2 as well as v3 and v4, and which fixes the remaining ones. In fact,
it is the Poincaré extension of the involution for the root lattice E6 as described in [Bou, Ch. VI,
no. 4.12]. A closer look to the graphs in Table 1 reveals the presence of exactly one parabolic
subgraph which, in fact, is related to the densest euclidean lattice packing in codimension 1.
Indeed, the proof of our main theorem makes extensive use of the crystallography of parabolic
subgroups and related sphere packings. Then, using hyperbolic geometry, we determine the Ford
fundamental domain for a discrete group of minimal covolume and show that Qn∗ is built upon a
Coxeter simplex.
For these purposes, the upper half-space model of Hn is best suited. Let Un = {x ∈
Rn: xn > 0} be equipped with the hyperbolic metric ds2 = 1x2n |dx|
2
. In this model, k-planes
are intersections of Un with a k-plane or a k-sphere in Rn orthogonal to the ground space Rn−1.
Every hyperbolic isometry is a finite composition of reflections in hyperplanes, and the Poincaré
extension provides a one-to-one correspondence between I (Hn) and the group of Möbius trans-
formations acting on Rn−1 (cf. [Rat, p. 121], for example). Consider a point p ∈ ∂Un at infinity.
Hypersurfaces Sp ⊂ Un orthogonal to all geodesic lines ending at p are called horospheres based
at p and are endowed with an euclidean metric. A horosphere is either a hypersurface S∞(ρ) in
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ean sphere internally tangent to Rn−1 if p = ∞. As an example, the horosphere S∞(ρ) inherits
the euclidean metric
ds2
∣∣
S∞(ρ) =
1
ρ2
(
dx21 + · · · + dx2n−1
)
. (1)
The connected regions bounded by a horosphere Sp and meeting the boundary ∂Un only at p
are termed horoballs Bp based at p.
2. Crystallography on a cusp boundary
A cusp of Qn = Hn/Γ is an unbounded component of Qn and neighborhood of the fixed
point at infinity of a parabolic subgroup of Γ . Modulo conjugation, we may assume that the
stabiliser Γ∞ is not trivial. By the finite volume assumption for Qn, Γ∞ is a crystallographic
group acting on Rn−1. The natural projection
η :Γ∞ → O(n− 1), (x → Ax + a) → A,
where A ∈ O(n−1) and a ∈ Rn−1, associates to Γ∞ two important groups, the finite point group
φ∞ = im(η) and the translational lattice Λ∞ = ker(η). By results of Bieberbach [Bie], Λ∞ has
finite index i∞ = [Γ∞ : Λ∞] = |φ∞| in Γ∞ and maximal rank n − 1. While φ∞ is always a
subgroup of the linear automorphism group Aut(Λ∞) of Λ∞, it is a subgroup of Γ∞ if and only
if Λ∞ ⊂ Rn−1 equals the Γ∞-orbit of the origin 0. In this special case, the group Γ∞ is called
symmorphic.
Let ω > 0 be the minimal translation length of the lattice Λ∞. Consider the canonical horoball
based at ∞ defined by
B∞(ω) =
{
x ∈ Un: xn > ω
}
.
By a result of S. Hersonsky [Her], the quotient B∞(ω)/Γ∞ embeds in Qn, and canonical
horoballs associated to distinct cusps are disjoint. A cusp is called canonical and denoted by Ccan
if it is covered by a canonical horoball. Assume for simplicity, and from now on, that ω = 1, and
denote by D a fundamental polytope for the lattice Λ∞. The volume of Ccan computes to (cf.
[K, p. 726], for example)
voln(Ccan) = voln(D)
(n− 1)i∞ . (2)
The canonical horoball together with its Γ -images defines a horoball packing which is precisely
invariant. By a result of K. Böröczky sen. [Bör, §6], an upper bound for the local density of such
a horoball packing in dimension n is given by the simplicial horoball density dn(∞); compare
[K, §2] for definitions and properties. Denote by C a set of (disjoint) canonical cusps in Qn. By a
density argument involving dn(∞), one derives the following volume bound (cf. [K, Lemma 3.2],
[HK, Lemma 3])
vol
(
Qn
)
 1
dn(∞)
∑
vol(Ccan). (3)
Ccan∈C
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crystallography on each cusp boundary. We shall restrict our attention to orbifolds Qn satisfying
an upper volume bound by taking into account further information coming from crystallography.
Two crystallographic groups G1 and G2 acting on Ek are said to belong to the same geometric
crystal class, or simply Q-class, if their point groups φ1 and φ2 are GL(k,R)-conjugate, that is,
∃U ∈ GL(k,R): φ2 = U−1φ1U.
In particular, φ1 and φ2 have the same order. Every Q-class splits further into so-called Z-
classes consisting of all crystallographic groups whose underlying lattices are equivalent modulo
a change of the lattice basis, that is,
∃U ∈ GL(k,Z), det(U) = ±1: φ2 = U−1φ1U.
Notice that, up to isomorphism, a Z-class contains exactly one symmorphic group Sk .
A complete classification of crystallographic groups is available only up to dimension k = 4
and can be found in [BBNWZ, Tables 1A, 1B and 1C, pp. 56–260]. The dimensions 5 k  8
have been studied by W. Plesken and M. Pohst around 1980. In a series of papers, they determine
all Z- and Q-classes of maximal, finite, absolutely irreducible subgroups of GL(k,Z) (cf. [PP1,
Theorems 6.6 and 7.1], [PP2, Theorem 4.1] and [PP3, Theorem 4.1]).
Let 1 k  8. We consider a fixed Q-classQ in dimension k and are interested in the inequiv-
alent lattices associated to the elements of maximal point group order ϕk in Q. Their number
equals the number of Z-classes belonging to Q. Combining the lists of Plesken and Pohst with
a result of G. Maxwell (cf. [Max, Proposition 3.3 and Table 1]), we easily identify these lattices
together with their fundamental domains. It is not surprising that the single one whose funda-
mental domain D is of minimal volume vk is the root lattice underlying the densest euclidean
lattice packing in Rk (cf. [CS, Table 1.1, p. 12]). The symmorphic group Sk corresponding to
its Z-class is related to a parabolic simplex Coxeter group (cf. [Cox, §11 and Table IV, p. 297]).
Table 2 summarizes the results needed in the proof of our main theorem.
Now, we are ready to introduce the notion of small cusped orbifold as inspired by [HK].
Definition 1. For 2 n 9, a cusped orbifold Qn is called small if its volume satisfies
vol(Qn) < 2
vn−1
(n− 1)dn(∞)ϕn−1 =: νn.
Table 2
dimk Maximal point
group order ϕk
Lattices of maximal
symmetry
Volume vk of D Symmorphic group
Sk of covolume
vk
ϕk
4 1, 152 D4 12
5 3, 840 D5; D∗5 ; Z5
1
2
√
2
; 14 ; 1
6 2 · 72 · 6! E6; E∗6
√
3
8 ;
9
√
3
64 Z2 ×
7 8 · 9! E7; E∗7 18 ; 827√3
8 192 · 10! E8 116
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cusped n-orbifolds and follow the strategy as developed in [HK]. We remark that the ideas in the
proofs of Lemmata 5–8 in [HK] do not depend on the dimension n. Hence, we immediately get
the following generalisations.
Lemma 2. Let 2 n 9. A small cusped n-orbifold has only one cusp.
By Lemma 2, and for 2  n  9, a small cusped orbifold Qn = Hn/Γ has precisely one
canonical cusp Ccan. Suppose as usually that Γ∞ = 1 and that the minimal translational length
in Λ∞ equals 1. Blow up the canonical horoball B∞(1) covering Ccan until it touches itself. This
leads to the notion of maximal horoball B∞(ρ0), ρ0  1. The name is justified by the fact that
the projection of every bigger horoball with ρ < ρ0 fails to be embedded in Qn. We investigate
image horoballs of B∞(ρ0) under the action of Γ . Images of euclidean diameter ρ0 are termed
fullsized, images of smaller euclidean diameter are termed non-fullsized.
Lemma 3. For 2 n 9, let Qn = Hn/Γ be a small cusped orbifold with Γ∞ = 1. Then,
1. every non-fullsized horoball is tangent to a bigger one;
2. largest non-fullsized horoballs exist and are tangent to fullsized ones;
3. the lattice subgroup Λ∞ <Γ∞ permutes all fullsized horoballs.
3. The proof
Let 5  n  9, and assume that the orbifold Qn∗ = Hn/Γ n has minimal volume. In order
to prove the main theorem, we have to show that the group Γ n is isomorphic to the group as
described by Table 1.
The determination of Γ n∞. Since Qn∗ is of minimal volume, vol(Qn∗) μn, and, by Lemma 2,
Qn∗ has only one canonical cusp. Suppose that Γ n∞ = 1. Let D be a fundamental polytope for
the lattice Λn−1∞ whose minimal translational length is supposed to be 1. In combination with (2)
and (3), we obtain the following bounds
μn  vol
(
Qn∗
)
 vol(D)
(n− 1)i∞dn(∞) . (4)
Substitute results from crystallography as partially reproduced in Table 2 into the right-hand side
of (4) and compare with the values μn as described in Table 1 at the left-hand side of (4). It
turns out that volume minimality forces the point group φn−1∞ to have maximal order ϕn−1. In
fact, we use the knowledge about point groups of second largest order and recall that the order
of a reducible point group equals the product of the orders of its factors. Together with the lists
of Plesken and Pohst enumerating irreducible point groups of maximal order, we deduce that,
for n = 6, φn−1∞ equals at least twice the order of any other point group. For n = 5, the second
largest order factors according to 2,304 = 2 ·1, 152 and corresponds to the reducible point group
C1 × Aut(D4) (cf. [Max, Table VI]).
Moreover, from all the lattices having maximal symmetry, Λn−1∞ needs to be the unique one
with voln−1(D) = vn−1. Furthermore, by Lemma 3.3, Γ n∞ is symmorphic. Hence, we deduce the
following result.
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Proposition 4. Γ n∞ is isomorphic to Sn−1.
The canonical cusp is maximal. Suppose that the canonical horoball B∞(1) is not equal to the
maximal horoball B∞(ρ0). Hence, ρ0 < 1. Then, the fullsized horoballs, all based at points of the
orbit Λn−1∞ (0) by Lemma 3.3, are not touching one another. Denote by B0 the fullsized horoball
based at 0, and consider an element φ ∈ Γ n \ Γ n∞ with φB0 = B∞(ρ0). Then, we can write
φ = ψ ◦σ where ψ is an euclidean isometry fixing ∞, and where σ is the reflection with respect
to the bisector H0 of B0 and B∞(ρ0). By Lemma 3.3, there is an element λ ∈ Λn∞ such that
(λ ◦ φ)(∞) = 0. Hence, the element γ := λ ◦ φ ∈ Γ n permutes B∞(ρ0) and B0. Furthermore, γ
maps the set F of fullsized horoballs based at the lattice points xi of norm 1 onto the set N of
maximal non-fullsized horoballs touching B0 with base points yi of norm ρ20 (cf. [HK, Proof of
Lemma 9]). Both sets, F and N , are invariant with respect to the action of φn−1∞ . Therefore, the
φn−1∞ -orbits of xi and yi have equal lengths N0, say.
Our next aim is to analyse the relative position of the points xi and yi in order to obtain a bound
of type 2ρ20 cos(
π
4 )  1, and therefore a contradiction to the minimal volume assumption (cf.
[HK, proof of Lemma 4]). This requires control over the combinatorial structure of the horoball
configuration around 0. To this end, we use Wythoff’s construction for euclidean Coxeter simplex
groups.
By Proposition 4, Γ n∞ can be identified with the symmorphic group Sn−1 (cf. Table 1) whose
0-orbit equals the lattice points of Λn−1∞ . In Fig. 1, we reproduce the Coxeter graph of Sn−1, or
equivalently of Γ n∞, for 5 n 9, with one node distinguished by an additional ring. The ring
of the Coxeter simplex graph represents the origin 0 as vertex opposite to the mirror labelled 0
in the simplex.
Now, identify the point x1 with the vertex or node of the Coxeter simplex graph next to the
ringed node. The ringed graph can be interpreted as the Coxeter simplex in Rn−1 with distin-
guished vertex 0 and edge vector x1. Furthermore, the set of length 1 vectors xi equals the
x1-orbit of the point group φn−1∞ . In fact, φn−1∞ is obtained from Γ n∞ by removing the ringed node
together with its incident branch.
Next, consider the convex polytope P0 ⊂ Rn−1 formed by the N0 vertices xi . By Wythoff’s
construction (cf. [Cox, §11.6, 11.8]), we can determine the number Nki of k-sides which are
φn−1∞ -equivalent to a fixed k-side Fki of P0. Obviously, all vertices are equivalent, and N
0
i = N0.
The Wythoff procedure works since the graph G of φn−1∞ is a tree.
Consider the subgroup of φn−1∞ defined by the graph G′ arising after deletion of the node i = 1
and its connecting branch at a free end of G. Put a ring at the vertex x1 of G′. The G′-images of
x1 are the vertices of an (n − 2)-side Fn−2i of P0. Proceed by removing a further node at a free
end of G′ in order to obtain an (n− 3)-side Fn−3i of P0, and so forth. The number Nki equals the
order of φn−1∞ divided by the order of the stabiliser of the side Fki . As an example, we include
the computation of the Nk for n− 1 = 6 (cf. Table 3).i
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k Type of Fk
i
Stabiliser of Fk
i
Nk
i
5 N51 = N52 = 72·6!24·5! = 27
4 N41 = N42 = 72·6!2·5! = 216
N43 = 72·6!23·4! = 270
3 N31 = N32 = 72·6!2·4! = 1080
2 N21 = 72·6!6·2·2 = 2160
1 N11 = 72·6!2·6·6 = 720
0 N0 = 72·6!6! = 72
For 6 n 9, one sees that Nki = N0 for 0 < k  n− 1 and for all i. In these cases, the base
points yi as introduced above have to be collinear with 0 and xi whence 2ρ20  1.
In the case n = 5, the polytope P0 ⊂ R4 is a self-dual 24-cell so that the yi may also lie on the
lines through 0 and the mid-points mi of the 3-sides. Since neighboring rays (0, xi) and (0,mi)
subtend an angle π4 , we obtain the bound 2ρ
2
0 cos(
π
4 ) 1. Both bounds for ρ0 force the orbifold
volume to exceed μn (cf. [HK, Proof of Lemma 4]). Hence ρ0 = 1, and we proved the following
important fact for minimal volume cusped n-orbifolds with 5 n 9.
Proposition 5. The canonical cusp is maximal.
We remark that the reflection σ with respect to H0 belongs to Γ n (cf. also [HK, §3.1]). In fact,
by Proposition 5, σ leaves the set F of fullsized horoballs invariant. Since H0 passes through
their bases xi , σ fixes these points. Consider γ = λ◦ψ ◦σ ∈ Γ n which fixes the point (0,1) ∈ Hn
and leaves F invariant. Hence, λ ◦ ψ permutes the points xi and fixes their centroid 0 as well
as ∞. One deduces that λ ◦ψ belongs to the point group φn−1∞ . As a consequence, σ ∈ Γ n.
The Ford domain PF of Γ n. Consider the canonical horoball B := B∞(1) as part of its Γ n-
orbit. The Dirichlet–Voronoı˘ cell DV of B consists of all points of Hn closer to B than to any
of its images. Denote by Zn the straight cylinder Sn−1 × (0,∞) over the euclidean Coxeter
simplex Sn−1. We obtain the Ford fundamental domain PF of Γ n by intersecting DV with Zn.
In the sequel, we derive the following simple combinatorial structure for PF .
Proposition 6. PF is the simplex of finite volume with the vertex at infinity ∞ arising from Zn
by a cut along the bisector H0.
Proof. Consider the hyperbolic n-simplex Δ with vertex ∞ obtained by cutting the cylinder Zn
along H0. The proposition follows if we can show that Δ is not chopped by any of the bisectors of
B and a non-fullsized horoball, whence PF = Δ. The verification is quite technical and requires
a case-by-case analysis with respect to the dimension n. For certain details, we will refer to
Appendix A.
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tion and dissection, we work with slightly modified coordinates for the n vertices vi of Sn−1 and,
hence, for the finite vertices v˜i := (vi,
√
1 − ‖vi‖2 ) of Δ (cf. Appendix A.1 for S6, for example).
We call first generation of horoballs the set G1 = G1(B0) of all horoballs touching the fullsized
horoball B0. Each element of G1 is the σ -image of a fullsized horoball Bx based at a lattice point
x = 0 where σ is the reflection with respect to H0 as above. More precisely, the element σ(Bx)
of G1 has base point σ(x) = x‖x‖2 and euclidean diameter or height 1‖x‖2 (cf. [HK, §1.2], for
example). The bisector Hσ(x) of B and σ(Bx) is the hemisphere parametrized by
∥∥y − (σ(x),0)∥∥
Rn
= 1‖x‖ . (5)
For a point y ∈ H0 ∩Hσ(x), satisfying ‖y‖ = 1, we deduce
〈
y,
(
σ(x),0
)〉
Rn
= 1
2
. (6)
Since Λn−1∞ is a root lattice, the points ci ∈ Λn−1∞ are of norm
√
i where i is a positive integer.
This implies that an element σ(Bci ) ∈ G1 has euclidean height 1i = 1, 12 , 13 , . . . inducing a bisector
of radius or height 1√
i
(cf. (5)).
(i) For n = 5 or 9, the euclidean diameter of the simplex Sn−1 is 1√2 so that the nth coordinate
of v˜i is at least 1√2 . We conclude that the bisector of B and a largest non-fullsized horoball does
not chop the simplex Δ.
(ii) For n = 6 of 7, the euclidean diameter d of Sn−1 satisfies
1√
2
< d 
√
2
3
. (7)
By (7), the nth coordinate of v˜i is at least 1√3 . It follows that horoballs of diameter 
1
3 can
be neglected. As for elements in G1, only largest non-fullsized horoballs have to be taken into
consideration. By (6), they can be excluded. As an example, we present details for the case n = 7
in Appendix A.1.
Consider the second generation G2 consisting of all horoballs touching a largest non-fullsized
horoball Bu ⊂ Zn with base point u, say, and such that Bu touches B0. We show that no
horoball bisector associated to elements of G2 influences the construction of PF . To this end,
by Lemma 3.1, it is sufficient to prove that there are no non-fullsized horoballs in G2 of euclid-
ean height h satisfying 13 < h <
1
2 . Denote by r the reflection with respect to the bisector of
B and σ(Bu). Then, the half-turn η := σ ◦ r is an element of Γ n and sends the point (u,1) to
the north pole q ∈ ∂Bu. Denote by Λ′ the lattice which is η-conjugate to Λn−1∞ . It follows that
the euclidean distances from u to the lattice points ci ∈ Λn−1∞ equal the distances from q to the
lattice points of Λ′ on the horosphere ∂Bu with respect to its induced euclidean metric (cf. (1)).
By Lemma 1 of [HK], a Λ′-point at distance δ from the north pole q is the touching point of Bu
with a horoball in G2 whose euclidean diameter equals 12δ2 . The distance δ can easily be com-
puted using a root basis of the lattice. We present the case n = 7 in Appendix A.2. In each case,
the possible heights h for horoballs in G2 form a subset of {1, 12 , 13 , 14 , . . .}, and the proposition
follows.
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√
3
2 so that the nth coordinate of v˜i is at
least 12 . Hence, no horoball of height h
1
4 , giving rise to a bisector of height 
1
2 , has an effect
on PF . We deduce that the only horoballs of G1 whose bisectors with respect to B could chop Δ
are the ones of height 12 or
1
3 . The same calculation as in Appendix A.1 allows to exclude this
possibility.
Now, pass to the horoball generation G2. A computation analoguous to the cases n = 6 and 7
(cf. Appendix A.2) shows that the heights of its elements belong to the set of {1, 12 , 13 , 14 , . . .}.
By Lemma 3.2, it is sufficient to exclude the chopping of Δ by a bisector of B and a horoball
Bv ∈ G2 based at v, say, which is of euclidean height 13 . We do this by using explicit coordinates
for v and present the details in Appendix A.3.
Finally, consider the third horoball generation G3 = G3(Bw) consisting of all horoballs touch-
ing a non-fullsized horoball Bw ⊂ Zn based at w, say, which is of euclidean height 13 . We
distinguish the two cases Bw ∈ G1, respectively Bw ∈ G2. By means of Lemmas 3.1 and 3.2,
it suffices, in both cases, to exclude horoballs in G3 of euclidean height h with 14 < h < 13 . We
present the details for case 1 and Bw ∈ G1 in Appendix A.4, and for case 2 and Bw ∈ G2 in
Appendix A.5.
This finishes the proof. 
The geometric presentation of Γ n. The construction of the Ford domain PF shows that the
reflection in each bounding hyperplane of PF belongs to Γ n. Therefore, Γ n is geometrically
defined as the group generated by the reflections in the facets of PF . In order to determine the
relations, we compute the dihedral angles of PF . In fact, it suffices to determine the angles sub-
tended by H0 and the other hyperplanes bounding PF . All bounding hyperplanes passing through
the origin 0 are perpendicular to H0. There remains the hyperplane which is the bisector H1 of B0
and one fullsized horoball touching B0. It is easily seen that the dihedral angle  (H0,H1) = π3 .
As a consequence, the Coxeter graph of Γ n is obtained from the parabolic graph Sn−1 by adding
one node for H0 together with an unmarked branch.
This finishes the proof of the main theorem.
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Appendix A
A.1. As an example, we show that the largest non-fullsized horoballs do not influence the
combinatorics of the Ford fundamental domain PF for Γ 7.
Take the standard basis ei , 1  i  8, of R8. The vertices vi , 0  i  6, of the fundamental
Coxeter simplex S6 can be expressed with respect to the particular basis of R6,
εj := ej , for j = 1, . . . ,5, and ε6 = 1√
3
(e8 − e7 − e6)
as follows:
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v1 =
(
1
4
√
2
5
,
√
3
4
√
2
)
, v2 =
(
02,
1
3
√
2
3
,
1√
6
)
, v3 =
(
− 1
4
√
2
,
1
4
√
2
4
,
5
4
√
6
)
,
v4 =
(
05,
2√
6
)
, v5 =
(
03,
1
2
√
2
2
,
1√
6
)
, v6 =
(
04,
1
2
√
2
,
√
3
2
√
2
)
.
Here, a suffix indicates the multiplicity of a repetitive coordinate. Notice that v4 is the only vector
of norm exceeding 1√
2
, and that v6 is the base point of a largest non-fullsized horoball. By (6),
we see that
v˜4 =
(
v4,
√
1 − ‖v4‖2
)=
(
05,
2√
6
,
1√
3
)
∈ H0 ∩Hv6 ,
v˜6 =
(
v6,
√
1 − ‖v6‖2
)=
(
04,
1
2
√
2
,
√
3
2
√
2
,
1√
2
)
∈ H0 ∩Hv6 .
Hence, H0 ∩Hv6 contains a 5-side of PF , and non-trivial chopping of Δ by Hv6 does not happen.
A.2. For the example Γ 7 as above, we show that elements of G2 associated to Bu ⊂ Zn are
not relevant for the construction of PF .
Consider the vectors ε1, . . . , ε6 as in A.1. A root basis for the lattice E6 is given by (cf. [Bou,
Planche V])
α1 = 1
2
√
2
(−ε1 + ε2 + · · · + ε5 +
√
3ε6),
α2 = 1√
2
(ε1 + ε2),
αj = 1√
2
(εj−1 − εj−2), 3 j  6.
Every lattice point ci of norm
√
i in E6 can be written as follows:
ci =
6∑
j=1
λjαj with λj ∈ Z.
The base point u is given by
u = v6 = 12 (2α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α6).
For the possible distances of u to ci , we therefore obtain
δ := ‖u− ci‖ =
√
‖u‖2 + ‖ci‖2 − 2〈u, ci〉
=
√
1 + (2i − λ1 − λ6)
2
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{
1√
2
,1,
√
3√
2
,
√
2, . . .
}
.
Hence, the heights 12δ2 of elements of G2 belong to the set {1, 12 , 13 , 14 , . . .} as pretended.
A.3. For the example Γ 8, we show that no bisector of B and a horoball Bv ∈ G2 of euclidean
height 13 cuts Δ.
Take the standard basis ei , 1  i  8, of R8. The vertices vi , 0  i  7, of the fundamental
Coxeter simplex S7 can be expressed with respect to the particular basis of R7,
εj := ej , for j = 1, . . . ,6, and ε7 = 1√
2
(e7 − e8) (8)
as follows.
v0 = 0, v1 =
(
06,
1
2
)
,
v2 =
(
1
6
√
2
,− 1
6
√
2
5
,
1
2
)
, v3 =
(
02,− 1
4
√
2
4
,
1
2
)
, v4 =
(
03,− 1
3
√
2
3
,
1
2
)
,
v5 =
(
04,− 1
2
√
2
2
,
1
2
)
, v6 =
(
05,− 1√
2
,
1
2
)
, v7 =
(
− 1
4
√
2
6
,
1
2
)
.
Notice that v6 is the only vector of norm exceeding 1√2 , v5 is the base point u of a largest
non-fullsized horoball Bu, and v2 is the base point of the horoball Bw of euclidean height 13 .
A computation shows that the base point v of Bv lies on the sphere Σ of radius 1√6 centered
at v5. By using similar notations as for the cases n = 6 or 7, we see that the reflection r ∈ Γ 8
interchanges Bv with a horoball B ′ ∈ G1. Moreover, v must lie outside the ball K of radius 1√3
centered at 0. The intersection ∂K ∩Σ is a subset of the radius 1 sphere centered at σ(u). In fact,
this sphere is the equator of the mirror hyperplane of r . We deduce that B ′ is of euclidean height
h 13 . If h = 13 , then B ′ = Bv ∈ G1 and hence does not effect the construction of PF . If h = 1,
then Bv ∈ G1(σ (Bu)). Therefore, the bisector of Bv and B does not chop Δ. Finally, we are left
with the case h = 12 . The base points of largest non-fullsized horoballs in H 8 have coordinates
with respect to e1, . . . , e8 (cf. also (8)) of the form
1
2
√
2
(
2,05,0
)
,
1
2
√
2
(
14,02,0
)
,
1
2
√
2
(
12,04,
√
2
)
, or ε
1
2
√
2
(
3
2
,
1
2
5
,
1√
2
)
(9)
from which the full list can be deduced by applying arbitrary permutations and signs to the first
6 vector entries, except for the vector with prefix ε, where an even number of minus signs is re-
quired for the first 6 vector entries (compare with the definition of E7 given in [Bou, Planche VI]
and [CS, Table 4.10]).
Consider now the base point z of B ′. It belongs to the list (9) and is a point of the sphere r(Σ)
of radius
√
3/
√
2 centered at −u. The bisector of Bv and B of height 1√3 chops Δ if
∥∥r(z)− v6∥∥< 1√ . (10)
2 3
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of Bv and B does not chop Δ.
A.4. For the example Γ 8, we show that the elements of G3(Bw) with Bw ∈ G1 are not relevant
for the construction of PF .
Consider the horoball Bw based at w = v3 (cf. Appendix A.3), and denote by f the reflection
with respect to the bisector of B and the fullsized horoball σ(Bw). Then, σ ◦ f ∈ Γ 8, and σ ◦ f
conjugates the lattice Λ7∞ acting on ∂B to the lattice Λ′ acting on ∂Bw . In particular, the touching
point p of Bw and B0 is the image of (σ (w),1). By Lemma 1 of [HK], the distance from the
north pole q ∈ Bw to p equals 1√3 in the induced euclidean metric of ∂Bw . We deduce that q is
the (σ ◦ f )-image of the point
(a,1) =
(‖σ(w)‖ − 1√
3
‖σ(w)‖ σ(w),1
)
. (11)
Now, each B ′ ∈ G3 touches Bw at a point of Λ′. Its distance δ from the north pole q of Bw equals
the distance from a to its image point in Λ7∞. By Lemma 1 of [HK], the euclidean height of B ′
is therefore equal to 13δ2 .
Consider the vectors ε1, . . . , ε7 as in A.3. A root basis for the lattice Λ7∞ = E7 can be ex-
pressed according to (cf. [Bou, Planche VI])
α1 = 1
2
√
2
(−ε1 + ε2 + · · · + ε6 +
√
2ε7),
α2 = 1√
2
(ε1 + ε2),
αj = 1√
2
(εj−2 − εj−1), 3 j  7.
Every lattice point ci of norm
√
i in E7 can be written as follows:
ci =
6∑
j=1
λjαj with λj ∈ Z.
By (12), the base point a is given by
a = 2w = 2v3 = 43 (3α1 + 4α2 + 6α3 + 8α4 + 6α5 + 4α6 + 2α7).
For the possible distances δ of a to ci , we therefore obtain
δ = ‖a − ci‖ =
√
‖a‖2 + ‖ci‖2 − 2〈a, ci〉
=
√
4 + 3i − 2λ3
3
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3
,
√
2√
3
,1,
2√
3
, . . .
}
.
Hence, the heights 13δ2 of elements of G3 belong to {1, 12 , 13 , 14 , . . .} as pretended.
A.5. For the example Γ 8, we show that the elements of G3(Bw) with Bw ∈ G2 are not relevant
for the construction of PF .
Consider the horoball Bw based at w = v = r(z), as defined in Appendix A.4, and which
touches Bu. Denote by g the reflection with respect to the bisector of Br(z) and Bu. Observe that
τ := η ◦g = σ ◦ r ◦g ∈ Γ 8, and denote by Λ˜ the lattice acting on ∂Br(z) to which Λ7∞ conjugates
by means of τ . In particular, τ sends the touching point p˜ of Br(z) and Bu to a lattice point τ(p˜)
of Λ7∞. Let q˜ and q denote the north poles of Br(z) and Bu. By means of [HK, Lemma 1], one
easily determines τ(q˜) according to
τ(q˜) = η(q)+ u− r(z)‖u− r(z)‖d
(
τ(q˜), η(q)
)= 2u− r(z),
where z is a point of the list (9) lying on the sphere r(Σ) (cf. Appendix A.3). The distance δ
from q˜ to a lattice point c˜i of Λ˜ equals the distance from τ(q˜) to the τ -image ci ∈ Λ7∞ of c˜i
which is of norm
√
i, i ∈ N. Hence,
δ = ∥∥τ(q˜)− ci∥∥2 = ∥∥τ(q˜)− τ(p˜)+ τ(p˜)− ci∥∥2
= ∥∥τ(q˜)− τ(p˜)∥∥2 + ∥∥τ(p˜)− ci∥∥2 − 2∥∥τ(p˜)∥∥2 + 2〈τ(p˜), ci 〉
+ 2〈τ(q˜), τ (p˜)− ci 〉.
Lemma 1 of [HK] yields ‖τ(q˜)− τ(p˜)‖2 = 23 . Moreover,
∥∥τ(p˜)− ci∥∥2 − 2∥∥τ(p˜)∥∥2 + 2〈τ(p˜), ci 〉
is an integer since τ(p˜), ci ∈ Λ7∞ = E7 are integral linear combinations of the basis vectors
α1, . . . , α7 satisfying 〈αi,αk〉 ∈ {0,− 12 ,1}. Furthermore, one easily checks that every τ(q˜) ∈ E7
is of the form
τ(q˜) = 1
3
λ, λ ∈ E7,
so that 2〈τ(q˜), τ (p˜) − ci〉 ∈ 13Z. Hence, we derived that δ ∈ 13Z, and that the heights 13δ2 for
elements in G3(Bw) with Bw ∈ G2 belong to {1, 12 , 13 , 14 , . . .}.
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